The variable axial transmission system composed of universal joint transmission shafts and a gear pair has been applied in many engineering fields. In the design of a drive system, the dynamics of the gear pair have been studied in detail. However few have paid attention to the effect on the system modal characteristics of the gear pair, arising from the universal joint transmission shafts. This work establishes a torsional vibration mathematical model of the transmission shaft, driving gear, and driven gear based on lumped masses and the main reducer system assembly of a CDV (car-based delivery vehicle) car. The model is solved by the state space method. The influence of the angle between transmission shafts and intermediate support stiffness on the vibration and noise of the main reducer is obtained and verified experimentally. A reference for the main reducer and transmission shaft design and the allied parameter matching are provided.
Introduction
In the 1970s, to meet customer demand, the crossover was modified from cars in Europe and the United States. It stemmed from SUVs, gradually developed into an arbitrary combination of car, SUV, MPV, and pick-up. It set the comfort, fashion, and appearance standards for such cars; it had the control of an SUV and the capacity of an MPV internally. Crossovers are divided into SAV, CDV, vans, and other models. In recent years the production and sales of crossovers have developed rapidly in China. The technology has also been greatly improved through absorption and digestion. However the coupling technology between the transmission shafts on the chassis and gears in the main reducer has been a hot research topic for the industry. There remains the effect on car NVH due to their coupling. Qualitative research into the influence of transmission shaft angle and intermediate support stiffness on meshing vibration of gears remains sparse.
A CDV car produced in China suffers from excessive internal noise (60 db). The performance of an NVH does not meet the level required of a passenger vehicle. The main reason for this is shock and vibration from its transmission system [1, 2] . The transmission system of that car can be described as a "universal joint-transmission shaft-gear meshing system" (known as a variable axial transmission system). This kind of flexible transmission system can meet the requirements of torque output floating [3, 4] . There is no accurate quantitative analysis on angle between the transmission shafts according to the CDV car. In the situation of freedom (car suspension), the initial installation angle changes from 0 ∘ to 10 ∘ . Without considering influence of car weight and load on the initial installation angle, angle between the transmission shafts changes during driving, while few studies have been involved in quantitative analysis on intermediate support stiffness. The stiffness value (600 N/mm∼700 N/mm) is determined by analogy and experience analysis, especially the mutual coupling effect of installation angle between transmission shafts and intermediate support stiffness on vibration of driving and driven gear is less involved currently.
This work focuses on the drive shaft-rear axle main reducer and gear [5, 6] system of the vehicle, creates a torsional vibration model, and solves its equations by the lumped mass method. Influences of transmission shaft angle and intermediate support stiffness on the meshing vibration of both driving and driven gears are studied [7, 8] , and the installation angle and intermediate support stiffness are
The ''Transmission Shaft-Driving Gear and Driven Gear'' Mathematical Model
The key factors affecting vibration and noise in the main reducer are the driving gear and driven gear's meshing movement [9, 10] . It is also one of the factors influencing vehicle NVH. As an elastic mechanical system, both the driving gear and driven gear will have vibration responses to dynamic excitation during transmission time. The dynamic excitation of the driving and driven gears mainly includes transmission shaft input excitation and road load excitation [11] . As a result, when researching the problem of vibration and noise caused by the meshing of the driving gear and driven gear, it is important to determine the main characteristics of both of their excitations.
Establishing a Torsional Vibration Model: "Transmission
Shaft-Driving Gear and Driven Gear". The "transmission shaft-driving gear and driven gear" system is analyzed dynamically. The complex mechanical system is simplified by the lumped mass method. The torsional vibration mathematical analysis model for this elastic mechanical system is established by Lagrange's equation: because the system components are both numerous and complex in structure, the form of movement is not only translational but also rotational. It is necessary to calculate only after simplification.
In the torsional vibration model, all components connected with the rotating shaft are treated as absolutely rigid bodies with a moment of inertia. The shaft section moment of inertia equivalent is transferred to the two ends of the shaft. The rigid bodies, after equivalent treatment, are connected by a series of equivalent bodies with elasticity and no moment of inertia; thus an equivalent analysis model of the vehicle's variable axial transmission system is established. The structure of the vehicle transmission shaft and the main reducer investigated here is shown in Figure 1 .
The torsional vibration mathematical model of the transmission shaft, driving gear, and driven gear system is established by considering the transmission system torsional vibrations: a simplified model is shown in Figure 2 .
The transmission shaft comprises three cross-shaft universal joints. Suppose that there is a model with a node in each universal joint (nodes 1, 2, and 3). Torque transferred from the engine by the gearbox acts on node 1. The two section transmission shafts are simplified as torsional springs and mass points. The intermediate support is simplified as a torsional spring of stiffness 0 . The output end of the second transmission shaft is connected to the driving gear; because the driving gear shaft stiffness is large, the influence of the driving gear shaft on torsional vibration of the system is ignored. Load torque is simplified and applied to the main reducer's driven gear. According to Lagrange's equation and Newton's second law, the corner is selected as the origin: the generalised coordinates are expressed as
where 1 is the equivalent polar moment of inertia of the first transmission shaft at node 1 of the universal joint; 1 is the series equivalent stiffness of the first transmission shaft tube and its intermediate support; 1 is the damping coefficient of the first transmission shaft; 2 is the equivalent polar moment of inertia of the first transmission shaft at node 2 of the universal joint; is the equivalent polar moment of inertia of the second transmission shaft at node 2 of the universal joint; 2 is the series equivalent stiffness of the second transmission shaft tube and its intermediate support;
2 is the damping coefficient of the second transmission shaft; 3 is the equivalent polar moment of inertia of the second transmission shaft at node 3 of the universal joint; driving is the equivalent polar moment of inertia of the main reducer driving gear; driven is the equivalent polar moment of inertia of the main reducer driven gear; is the dynamic meshing force of the driving gear and driven gear; 1 , 6 are the engine output torque and the equivalent torque loading on the driven gear.
Equation (1) is transferred to the torsional vibration equation of the system in matrix form:
where { } is the equivalent polar inertia matrix of the system; { } is the equivalent damping matrix; { } is the equivalent stiffness matrix; and { ( )} is the torque vector matrix of the system. The dynamic meshing force between the driving gear and the driven gear is as follows [12, 13] :
where , are the average meshing stiffness of reverse and average meshing damping between gears.
When the power transmission shaft is stable, the rotation angle between transmission shaft axes [14] (Figures 1 and 2 ) is tan 2 = tan 3 ⋅ cos 1 ,
The relationship between the different transmission shaft torques is as follows:
Uniting (1) to (5) allows the torsional vibration analysis model to be numerically solved.
Numerical Solution of the System Torsional Vibration
Model. To obtain the numerical solution, (2) is solved by a combination of state space method and Runge-Kutta method. The state space method is analytical and is a comprehensive method for the dynamic characteristics of the system in modern control theory. The analysis process sets state space variables which can identify and characterise the system. Then the dynamic characteristics of the system are identified by the first-order differential equations composed of the state space variables. The transfer function between system input and output can be obtained by the state space equation. If the input is known, then the value of the state variables can determine the changing characteristics of the output completely.
Set the output variable of system:
Select the state space variables:
10 =̇5,
Equation (2) The parameters of the mathematical model are substituted into the state space expression. The torsional vibration response of the system can then be obtained by Runge-Kutta method.
Determining Parameters in the Model

Determining Coefficients in the Model.
The transmission shaft's main parameters for the car researched here are listed in Table 1 . The main parameters of both driving and driven gears are listed in Table 2 .
The torsional stiffness of the transmission shaft is
is the shear modulus, 7.94 × 10 10 N⋅m −2 ; and is the length of the shaft.
The transmission shaft of the car is modelled as a thinwalled circular cross-section:
The intermediate support and transmission shaft total equivalent torsional stiffness values are as follows [16] :
There are many calculation methods available for the linear meshing stiffness of gears: as far as accuracy is concerned, a single gear tooth's linear meshing stiffness is calculated by the ISO method. Results that have little difference to the actual meshing stiffness may be obtained by this method. The hypoid gears of Gleason are adopted in the main reducer of the vehicle with a gear meshing stiffness with a linear value [17] = 1.84 × 10 6 N/m.
The value of the gear's equivalent meshing damping is
1 , 2 are the driven and driving gear's qualities and is the damping ratio, with a value of 0.1 here.
The average torsional stiffness of the gear is as follows:
where 1 is the pitch circle radius of the driven gear and 2 is the pitch circle radius of the driving gear.
The equivalent polar moment of inertia of the first transmission shaft at node 1 of the universal joint is
1 is the first universal joint cross-shaft's equivalent polar moment of inertia about the first transmission axis; 1 is the first transmission shaft's equivalent polar moment of inertia about its geometric centre;
1 is the first joint shaft fork's equivalent polar moment of inertia about the first transmission axis.
The 3d model of transmission shaft and main reducer is imported into UG software. Values of 1 , 1 , and 1 are calculated by UG: the values are listed in Table 3 .
According to (16) 1 = 0.309234412 kg⋅m 2 . As the same, 2 = 1 = 0.309234412 kg⋅m 2 . Using the same method, the cross-shaft and shaft fork's moments of inertia can be calculated: these act from the second universal joint and their values are listed in Table 4 Table 5 .
Determination of Car Main Reducer External Excitation.
Here, considering fluctuations in main reducer input torque and load torque, the input torque and load torque are set as follows [18] :
where 1 is the input torque from the engine; 6 is the load torque; is the coefficient of torque fluctuation (its value is 0.1); and is the angular velocity of the transmission axis. Considering when the CDV car is running at an engine speed of 3500 rpm, 1 = 151.20 N⋅m, the vibration and noise were large. The normal mass of the car is 1500 kg, and the wheel effective radius is 290 mm, giving 6 = 750 N⋅m; the speed of transmission shaft is 2500 rpm.
Response Analysis of the System's Torsional Vibration
Effects of the Angle between the Axes on Vibration in the Main
Reducer. Having established the mathematical relationship between the angle of the transmission shafts and the output variables of the state space using a MATLAB simulation, the system response curves for angular velocity and angular displacement are realised as shown in Figures 3  and 4 . In Figure 3, The changes in the driven gear's angular displacement are shown in Figure 4 . With an analysis of response curve and variation curve, it is seen that the angle between transmission shafts has an influence on vibration and noise in both gears. With the change in angle between the transmission shafts, the driven gear's amplitude of vibration increases at first from 0 ∘ to 3 ∘ and then decreases to a series of small fluctuations of stable amplitude at installation angles of 3 ∘ to 6 ∘ . When the angle increases, the torsional vibration intensifies.
From an analysis of Figure 5 , when the transmission shaft stiffness is the same as that of its intermediate support, changes from 3 ∘ to 5 ∘ , the transmission error fluctuation is small. While the angle is 5 ∘ , the transmission error is minimised; therefore it affords a better transfer of engine speed through the universal joint. As a result, rear axle vibration and noise caused by speed fluctuation can be reduced. Based on the above analysis, the angle between transmission shafts not only influences the transmission characteristics of the shaft, but also influences angular speed fluctuation and torsional vibration of the gear system. To improve transmission system comfort, the design angle should be 5 ∘ .
The Response Analysis of Intermediate Support Stiffness on Main Reducer
Vibration. In Figure 6 , the input torque and load torque have cosine-momentum. With the intermediate support's stiffness changing, the angular acceleration of the driven gear will undergo cyclical fluctuations. In the simulation, the intermediate support is variable and is set to 500 N/mm, 800 N/mm, 1000 N/mm, and 1500 N/mm in turn, other settings remaining unchanged. Through comparative analysis of the four plots in Figure 6 , the driven gear's angular acceleration fluctuations are different. When the intermediate support stiffness is 500 N/mm, the angular acceleration fluctuation is relatively stable. The effect on both gears' meshing vibration is smaller.
Experimental Verification
The main factor causing vibration is meshing of the gears. The portable vibration testing system has four acquisition channels. One channel acquisition records the transmission shaft speed signal; the other two channels record vibration acceleration signals in the vertical and horizontal directions from the main reducer. The recorded signals are displayed as plots of speed and the main reducer vibration acceleration on the computer screen in real-time. The LMS.Test.Lab NVH noise tester can test noise inside the car in real-time and reflect the overall noise performance of the automobile.
The experiment does not change the box, car clutch, front and rear suspensions, or any other factors: the only changes were made to the installation angle between transmission shafts and the intermediate support stiffness. The automotive engine was run over its full working range of up to 6000 rpm. The experimental installation is shown in Figure 7 and vibration is tested by point-to-point measurement, which avoids the influence of other vibrations. The noise tester (LMS Co., Belgium) is used to verify the data of which the project always recorded two sets to allow later comparison.
When the angle between transmission shafts is 7 ∘ , the intermediate support stiffness is approximately 700 N/mm, and the experimental result is shown in Figure 8 .
When the angle between transmission shafts is 5 ∘ , the intermediate support stiffness is approximately 500 N/mm, and the experimental result is shown in Figure 9 .
To further verify the effects of a change in installation angle and intermediate support stiffness on the rear axle, the experiment also tests the NVH (noise) inside the vehicle. The results are shown in Figure 10 .
Comparing Figures 8 and 9 , when the installation angle is 5
∘ and the intermediate support stiffness is 500 N/mm, the effect on the rear axle vibration is obviously smaller. Seen from Figure 10 , when the transmission shaft angle and intermediate support stiffness are changed, the NVH performance inside the car improved. Through experimental verification, data simulation, and analysis the data coincide with experimental verification thereof.
Conclusion
The research shows that the angle between transmission shafts has a great influence on vibration and shock in the rear axle main reducer. in this research, the installation angle between transmission shafts should be designed to be 5 ∘ as far as possible and the intermediate support stiffness should be 500 N/mm as predicted by theory and verified experimentally. As a result, the transmission shaft's effect on vibration and noise from the main reducer can be decreased. There is no other problem caused after long-term test. The method applied in this research has reference value for vibration and noise reduction in variable axial transmission systems.
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